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We derive the measurement independent precision bound for transverse displacement metrology
using a classical source. Using tools from quantum estimation theory and metamaterial designs, we
prove that the bound is achieved efficiently using optimized metagratings by detecting only a very
small amount of photons used to probe the displacement, and we also reveal the direct link between
the resonant property in the unit cell and the conditions to achieve the bound: one with the 0th
dipole resonance and the other one with the anapole condition of the 1st dipole.
One crucial research area within optics is to use pho-
tons as information carriers to develop sensitive metrol-
ogy methods to measure a very small displacement [1–14].
The problem is equivalent to a phase estimation problem
of which the precision is fundamentally limited by the
quantum statistical nature of light. Advances in tack-
ling this problem have been pushing the limits of a num-
ber of key research fields such as interferometry[7–10],
metrology in the semiconductor industry[6] and super-
resolution microscopy[1–4].
Using classical sources, the measurement uncertainty is
given by the shot-noise limit which scales as 1/
√
Nprobe
with Nprobe the number of photons used to probe the
change in position per unit time. One might intuitively
think that the best measurement scheme is to maximize
the fraction of the number of probe photons that is ac-
tually detected since then no photon is lost and thus all
the information about the displacement is preserved[15].
But this scheme soon runs into a problem when one
tries to push the precision of the measurement by us-
ing a large Nprobe[16]: while extremely high optical pow-
ers are available (for example, from several hundreds
of watts to a few kilowatts at the beamsplitter inside
an interferometer)[7, 17, 18], most of the fast photon-
detectors do not allow direct exposure to such large
powers[19]. Thus an important question to be answered
is: Can one recover all the information contained in a
large number of Nprobe by detecting a small number of
Ndet detected photons per unit time set by the limit of the
detector? In other words, how to develop an information
efficient measurement scheme that compresses the full
measured information into a small number of detected
photons?
This question has been answered in the development
of large scale interferometers such as the one used in
LIGO[7, 17, 18], which are used to measure extremely
small longitudinal displacements. By setting the op-
erating point of the interferometer near the so called
dark fringe of the Michelson interferometer, almost all
the information about the longitudinal displacement is
compressed into a small amount of detected photons
with typical Ndet/Nprobe less than 10
−4, allowing one
to make full use of the very large power inside the in-
terferometer. This scheme is mainly used for prob-
ing longitudinal displacements along the beam propa-
gation direction. For transverse position measurements,
i.e. measuring displacements that make an angle with
the beam propagation direction, impressive progress has
been made in super-resolution microscopy by centroid-
fitting[1–4, 20, 21]. However, the small efficiency due
to small optical cross section of tiny scatterers or flu-
orescent molecules largely limits the efficiency of those
techniques[22].
In this work, we combine the knowledge from the
quantum estimation theory and modern tools of meta-
materials to design metagratings of which the measured
diffracted orders contain the highest Fisher Information
(FI) about the transverse displacement. The proposed
metagrating achieves the measurement independent shot-
noise limit for Nprobe photons in spite of the fact that the
number of detected photons Ndet satisfiesNdet ≪ Nprobe.
Using multipole scattering theory, the optimized designs
are found to be closely related to the resonant properties
of the unit cell of the metagrating, namely the 0th order
dipole resonance and the 1st order anapole condition.
The problem we consider is shown in Fig. 1(a). An
arbitrary object M is placed inside an interference field
formed by two plane waves which propagate in the xy
plane at angles defined by the transverse wave vector
component ±kx. The two plane waves have the same
polarization and amplitude. They are out of phase. We
set the object’s original position as x = 0 and then dis-
place the object by δx. The question is how well can one
measure the displacement δx using classical light sources
provided that one is free to choose any type of measure-
ment object M and any type of unbiased estimator?
The Quantum Fisher Information (QFI) and the as-
sociated Quantum Crame´r Rao Bound (QCRB) provide
the answer to this question[23]. The maximum amount
of information encoded in the probe photons about the
parameter is given by the QFI. The QFI is optimized
over all measurement schemes and all unbiased estima-
tors. It can also be optimized over the initial quantum
states used including N00N states etc, but in the follow-
2FIG. 1. The problem of measuring a transverse displacement
δx using an object M. The illumination field is produced by
two plane waves interference with an initial phase difference
of pi. (a) The object M is displaced by δx from the origin
is equivalent to (b) adding phase shifts of ±kxδx to the two
beams.
ing we restrict to coherent state since it is relatively easy
to prepare a large Nprobe in such a state. From QFI,
one can derive the QCRB which shows the measurement
independent bound on the uncertainty of estimation.
As shown in Fig. 1(b), the transverse displacement of
the object M by δx is equivalent to adding phase shifts
of ±δφ = ±kxδx to the two input beams. The QCRB for
phase estimation is:
δφQCRB =
1√
FQφ
, (1)
for which FQφ = 4Var(H) is the QFI for phase estimation
expressed by the variance of the generator H = a†a− b†b
in the initial quantum state |ψ0〉 =
∣∣∣ α√
2
〉
a
∣∣∣− α√
2
〉
b
with
a and b being the annihilation operators of the left and
right input modes[24]. |α〉 is the input coherent state. It
is easy to show that FQφ = 4Nprobe with Nprobe = |α|
2
being the total averaged number of probe photons per
unit time in the two input modes.
Applying the chain rule, the QCRB using coherent
state for determining the displacement δx is:
δxQCRB =
1√
k2xFQφ
=
1
2kx
√
Nprobe
. (2)
Since we are using a classical coherent source and we
refer to the QCRB shown in Eq. (2) as the measure-
ment independent shot-noise limit. The proposed mea-
surement scheme should be able to attain this limit with
Ndet ≪ Nprobe.
The measurement independent QFI and QCRB only
provide a reference to check if the optimal bound is
achieved, they do not provide detailed design guidelines
on what kind of object M and the measurement scheme
to choose. Related to the QFI is the concept of FI[25],
which describes the maximum amount of information can
be extracted about the parameter of interest from a spe-
cific measurement scheme using any unbiased estimators.
The main difference between QFI and FI is that the lat-
ter is dependent on the specific measurement chosen. Ac-
cordingly, the Crame´r Rao Bound (CRB) gives the mea-
surement dependent uncertainty bound. The advantages
FIG. 2. (a) A general grating considered. The pitch p is
chosen to be pi/kx with kx being the transverse wave vector
of the incoming beam. For this configuration, there are four
diffraction orders symmetrically emerging from the grating
at angles defined by ±kx. (b) The grating is put inside the
interference field and used as the measurement object M for
transverse position metrology. Power difference between the
two reflection orders are measured. (c) Plot of the function
V sin
2
∆
1−V cos∆
of using FI is that we can evaluate a specific class of mea-
surement schemes characterized by some parameters. By
maximizing FI by varying the parameters, one can derive
the scheme for which the CRB is the smallest and if suit-
ably chosen, the CRB eventually attains QCRB. In this
way, the optimal measurement scheme can be identified.
We consider a specific class of measurement objects:
namely a grating made of a general unit cell structure as
shown in Fig. 2(a). We have chosen the pitch to be p =
pi/kx and the incident angle φin to be smaller than 70
◦
to make sure that there are only four diffraction orders.
The four orders have complex diffraction coefficients r0,
r1, t0 and t1. When used as the measurement object,
there are two reflected orders P+ and P− parallel to the
incident direction ±kx shown in Fig. 2(b). These two
reflected orders are each produced by the interference of
the 0th and 1st reflection orders from the two incident
beams. Due to this interference, the power in P+ and P−
are dependent on the displacement δx:
P+(δx) = AP[1− V cos(2kxδx−∆)],
P−(δx) = AP[1− V cos(2kxδx+∆)],
(3)
for which A = |r0|
2+|r1|2
2
, V = |2r0r1||r0|2+|r1|2 is the visibility
and ∆ (in radians) is the phase difference between the two
reflection coefficients |r0| and |r1|e
i∆. By detecting the
power difference in P+ and P−, the displacement δx can
be estimated. Under Poisson shot-noise which is directly
linked to the coherent state used as mentioned, the FI
contained in the detected reflection orders are:
Fdet(δx) =
1
Ndet
(
dNdet
dδx
)2
, (4)
withNdet = [P+(δx)+P−(δx)]/~ω is the averaged num-
ber of detected photons per unit time at position δx. If
3one is interested in measuring very small displacements
δx ≈ 0, Eq. (4) becomes:
Fdet(0) = 8Ak
2
xNprobe
V sin2∆
1− V cos∆
, (5)
which is monotonically increasing with the visibility V .
When V = 1, it becomes:
Fdet(0) = 16Ak
2
xNprobecos
2∆
2
≤ 16|r0|
2k2xNprobe, (6)
the maximum value of FI Fdet(0) is achieved for suffi-
ciently small ∆ with V = 1 as shown in Fig. 2(c) (we
want to avoid ∆ = 0, V = 1 as this point corresponds
to no detected power). Referring to Eq. (3), this con-
dition has a clear physical interpretation: it corresponds
to a grating designed such that when displaced by a very
small displacement |∆/2kx| left or right from the origin,
one of the reflected orders P+ or P− vanishes.
The CRB in estimating δx around the origin is thus:
δxCRB(0) =
1√
Fdet(0)
≥
1
4|r0|kx
√
Nprobe
, (7)
which is dependent on |r0|. To achieve the measurement
independent QCRB in Eq. (2), |r0| should be 1/2.
Through this detailed comparison of the CRB and the
QCRB, we can summarize the requirements for the opti-
mal grating design: V = 1 with ∆ sufficiently small and
|r0| = 1/2. These requirements can also be expressed as:
|r0| =
1
2
, r1 = r0e
i∆ with sufficiently small ∆. (8)
Under these requirements, the number of detected pho-
tons is given by Ndet = Nprobesin
2∆/2 and is much
smaller than Nprobe. The fact that the QCRB is achieved
proves that these detected photons contain all the infor-
mation from the large Nprobe. Thus the scheme is very
Fisher-Information efficient.
The properties of such a grating can be further revealed
using multipole scattering theory commonly used in the
field of metamaterial design[26–28]. This theory relates
the diffraction property to the resonances of one unit cell
from which physical insights can be gained. Often the
designed grating is referred to as metagrating emphasiz-
ing the importance of the unit cell resonances as well as
the ability to tune these resonances with artificially de-
signed unit cells[29–31]. In the following, we adapt this
approach and show how the requirements mentioned can
be realized.
Using multipole scattering theory, the diffraction effi-
ciencies of the reflected and transmitted orders are:
rµ = Cµ(φµ)G(φµ, φin)
tµ = δµ0 + Cµ(2pi − φµ)G(2pi − φµ, φin),
(9)
for which Cµ(φµ) = 2/k0psinφµ, k0 is the wave number
in the uniform surrounding material which we take to be
air, φµ is the diffraction angle of order µ measured from
+x axis. G(φµ, φin) is the multiple scattering Green’s
function of the unit cell and can be expressed using mul-
tipole expansion:
G(φµ, φin) =
+∞∑
m=−∞
Am(φin)e
imφµ , (10)
with Am corresponding to the multiple-scattered multi-
pole coefficients and can be constructed from the isolated
scattering coefficients am for the same object inside the
unit cell:
Am(φin) = am
[
eimφin +
+∞∑
n=−∞
An(φin)L (n,m)
]
, (11)
with L (n,m) being the lattice sum which takes fully ac-
count of the multiple scattering between different unit
cells[26–28] and its convergence has been tested by in-
cluding a sufficient number of terms.
We substitute Eq. (9) into the second requirement in
Eq. (8):
G(φ1, φin) = G(φ0, φin)e
i∆, (12)
where φ0 = pi − φin and φ1 = φin. For sufficiently small
unit cell structure, one can keep only the first three terms
A−1,0,1 in Eq. (10) and Eq. (12) becomes:
−A0 sin
∆
2
+iA1 cos
(
φin −
∆
2
)
+iA−1 cos
(
φin +
∆
2
)
= 0.
(13)
Hence, for sufficiently small ∆:
∆ ≈
2i(A1 +A−1)cosφin
A0
. (14)
It is interesting to look at the case when A0 is the dom-
inant term in the expansion. In this case V ≈ 1, ∆ can
be made small and the diffraction efficiencies in Eq. (9)
can be approximated by r0 ≈ C0(φ0)A0(φin), r1 ≈ r0,
t0 ≈ 1− r0 and t1 ≈ −r0, which, by energy conservation
|r0|
2 + |r1|
2 + |t0|
2 + |t1|
2 ≈ 1, leads to |r0| ≈ 1/2. All
the design requirements imposed by Eq. (8) are fulfilled.
Using this insight gained, we propose in the following
two metagrating unit cell designs fulfilling the design re-
quirements: the first one works at the A0 resonance and
the second works around the anapole condition of a1 for
which A±1 are very small.
In the following discussion, the wavelength is at 650nm
and the incoming polarization state is TE polarization.
The pitch is adjusted with the incident angle defined by
kx with p = pi/kx. For a direct comparison, we calculate
the FI in the detected photons using Eq. (5) with reflec-
tion coefficients r0 and r1 from Eq. (9), the obtained FI
is normalized with QFI 4k2xNprobe from Eq. (2).
Case I. Achieving shot-noise limit at the A0 resonance.
In this case, the denominator of Eq. (14) is large due to
4FIG. 3. Normalized FI/QFI and |A0| for metagrating designs
made of Si nanowire in the unit cell at (a) φin = 70
◦ and (b)
φin = 65
◦. The FI is maximized at the A0 resonance achieving
QFI.
the A0 resonance. The unit cell is made of silicon cylinder
of refractive index nSi = 3.5 with varying radius R shown
in Fig. 3(a). The incident angle φin is 70
◦ to make the
term cosφin in Eq. (14) small without introducing higher
diffraction orders. The FI reaches QFI at A0 resonance
around R = 22nm with ∆ ≈ 4 × 10−4. Notice that the
FI is sharply peaked around R = 22nm, which is hard to
achieve considering fabrication errors. The design can be
made more robust by keeping ∆ slightly larger which cor-
responds to move slightly from the bottom-right upwards
in Fig. 2(c). In Fig. 3(b) we decrease the incident angle
φin = 65
◦ and adjust the pitch accordingly to slightly in-
crease ∆. The optimum radius moves to R = 40nm with
∆ ≈ 0.01 and V = 1. The FI remains high (FI/QFI>0.9)
within a broader range ∆R = 10nm. The Ndet/Nprobe
ratio is about 2.5× 10−5.
Case II. Achieving shot-noise limit around the a1
anapole condition. Another way to make A0 dominant
is to make the numerator containing A±1 small. This
can be achieved around the anapole condition of a1.
Anapole is a radiationless state due to destructive inter-
ference of different modes in the far field[32–35]. At this
condition, the single scattering multipole coefficient am
in the multipole expansion becomes approximately zero.
If one can tune the structure such that the first dipole
coefficient a1 ≈ 0, the effect of multiple scattering de-
scribed by Eq. (11) becomes negligible and accordingly
A±1 ≈ 0. According to Eq. (14), to make ∆ real with
finite A±1, an additional phase difference of pi/2 is re-
quired. Therefore, we expect to see that the FI approach-
ing QFI slightly away from the a1 anapole condition. In
Fig. 4, the unit cell made of a Ag-core SiO2-shell cylinder
with nAg = 0.052225 + 4.4094i and nSiO2 = 1.5 is used.
The incident angle is chosen to be at φin = 5
◦, which
makes kx large. The outer radius is kept as R2 = 50nm
with the varying inner radius R1. The anapole condi-
tion is clearly seen at R1 = 25nm which corresponds to
vanishing a1. FI comes close to QFI around R = 24nm,
slightly away from the anapole condition. Moreover, it
remains relatively high within a certain range around the
FIG. 4. Normalized FI/QFI and |a1| for metagrating designs
made of Ag-Core SiO2-shell nanowire in the unit cell at φin =
5◦ with R2 = 50nm and varying R1. The FI is maximized
around the a1 anapole condition achieving QFI.
anapole condition. For this configuration, ∆ ≈ 0.04 and
Ndet/Nprobe ≈ 4× 10
−4.
In conclusion, we have derived Fisher-Information effi-
cient metagratings designs that reach the QFI for trans-
verse displacement metrology with the number of de-
tected photons several orders of magnitude smaller than
the number of probe photons. Physical insight is ob-
tained for the design using mulitpole expansion theory.
It is found that around the 0th dipole resonance and
the anapole condition of the 1st dipole, the FI comes
very close to QFI which means the measurement inde-
pendent shot-noise limit is achieved. The link between
the fundamental precision limit under shot-noise and the
multipole-based metagrating design will give new physi-
cal insights to the field of high precision metrology.
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